Abstract. We present a general theorem on fibers of singular sets.
Introduction and prerequisities
In this paper we show an elementary proof of the following result. Now, recall the definition of singular set. For an n-dimensional complex manifold X let M be a closed subset of X such that for any domain Ω ⊂ X the set Ω \ M is connected and dense in Ω (for instance, let M be a pluripolar set). Let F be a family of functions holomorphic on X \ M .
Definition. A point
We call M singular with respect to the family F , if every point a ∈ M is singular with respect to F .
We have the following property.
Lemma. Let X 1 , X 2 be complex manifolds and let Φ : X 1 → X 2 be a biholomorphism. Let M ⊂ X 1 be a singular set with respect to the family F ⊂ O(X 1 \ M ). Then the set N = Φ(M ) ⊂ X 2 is singular with respect to the family
Proof. From the definition, N is a closed subset of X 2 such that for any domain Ω ⊂ X 2 the set Ω \ N is connected and dense in Ω. We show that for any a ∈ N and for any open connected neighborhood U a of the point a there exists a function f ∈ F , that does not extend holomorphically to U a . Fix an a ∈ N and define b := Φ −1 (a) ∈ M . Assume that there exists an open neighborhood U a of a such that every function f ∈ F extends holomorphically on U a . Let
and define f := f • Φ −1 ∈ F . Then, from our assumption, f extends to a function F holomorphic on
Proof of Main Theorem
Fix a = (a 1 , a 2 ) ∈ M , where a 1 ∈ D 1 , a 2 ∈ D 2 . Let Φ j : U j → U j be a biholomorphic mapping such that U j is and open neighbourhood of a j , U j is an Euclidean ball in C nj , Φ j (a j ) = 0, j = 1, 2, and N ) and, from Lemma, N is singular with respect to the family F a . Moreover, the set {z 1 ∈ U 1 : the fiber N (z1,·) is not pluripolar} is pluripolar in U 1 . Now, from Proposition there exists a pluripolar set Q a ⊂ C n1 such that for any w 1 ∈ π C n 1 ( U z ) \ Q a the fiber N (w1,·) = {w 2 ∈ C n2 : (w 1 , w 2 ) ∈ N } is singular with respect to the family F w1 := {g(w 1 , ·) :
Thus, from Lemma, for any b 1 ∈ π D1 (U a ) \ Q a the fiber M (b1,·) is singular with respect to the family
We show that for any b 1 ∈ π D1 (Ω) \ Q the fiber M (b1,·) is singular with respect to the family
Fix b 1 ∈ π D1 (Ω) \ Q, b 2 ∈ M (b1,·) . Assume that there exists an open neighbourhood V b2 of b 2 such that any function f (b 1 , ·), f ∈ F , extends holomorphically on V b2 . Because (b 1 , b 2 ) ∈ M , then there exist a j = (a j1 , a j2 ), j ∈ {1, 2, . . .}, such that (b 1 , b 2 ) ∈ U aj = U j1 × U j2 , where U jk is and open neighbourhood of a jk , k = 1, 2. Thus b 1 ∈ U j1 \ Q aj and the functions f | Ua j (b 1 , ·), f ∈ F , extend holomorphically on V b2 ∩ U j2 -a contradiction.
